Abstract. The rigidity matrix is a fundamental tool for studying the infinitesimal rigidity properties of Euclidean bar-joint frameworks. In this paper we generalize this tool and introduce a rigidity matrix for bar-joint frameworks in arbitrary finite dimensional real normed vector spaces. Using this new matrix, we derive necessary Maxwell-Laman-type counting conditions for a well-positioned bar-joint framework in a real normed vector space to be infinitesimally rigid. Moreover, we derive symmetry-extended counting conditions for a bar-joint framework with a non-trivial symmetry group to be isostatic (i.e., minimally infinitesimally rigid). These conditions imply very simply stated restrictions on the number of those structural components that are fixed by the various symmetry operations of the framework. Finally, we offer some observations and conjectures regarding combinatorial characterisations of symmetric, isostatic bar-joint frameworks in (R 2 , · P ), where the unit ball P is a quadrilateral.
Introduction.
In 1864, J.C. Maxwell formulated a necessary counting condition for a bar-joint framework to be (infinitesimally) rigid in (R d , · 2 ) [11] . Building on Maxwell's observation, G. Laman established the first combinatorial characterisation of rigid bar-joint frameworks which are generically placed in the Euclidean plane in 1970, thereby launching the field of combinatorial rigidity [9] . Several further equivalent characterisations of generic rigid bar-joint frameworks in (R 2 , · 2 ) have been established since then (see [10, 21] , for example). A fundamental tool for proving these results is the rigidity matrix, whose rank, row dependencies and column dependencies completely describe the infinitesimal rigidity properties of a framework. Combinatorial characterisations of generic rigid bar-joint frameworks in higher dimensions have not yet been found. However, there exist significant partial results for the special classes of body-bar, body-hinge, and molecular frameworks [9] .
Very recent work has considered the infinitesimal rigidity of bar-joint frameworks in some nonEuclidean normed spaces. Specifically, for the q norms, 1 ≤ q ≤ ∞, q = 2, and for the polyhedral norms, analogues of Laman's theorem were established in [8] and [7] . In this paper, we take a more general viewpoint and consider the infinitesimal rigidity properties of bar-joint frameworks in an arbitrary finite dimensional real normed vector space (also referred to in the literature as a Minkowski space [22] ). In particular, in Section 2 we introduce a rigidity matrix and, using this new matrix, we derive Maxwell-Laman-type counting conditions which are necessary for a bar-joint framework to be infinitesimally rigid.
Over the last few years, a range of tools and methods have been developed for analysing the impact of symmetry on the rigidity properties of frameworks in Euclidean d-space (see e.g. [2, 3, 6, 13, 16, 19] ). In particular, in [3] Fowler and Guest derived new necessary conditions for a symmetric bar-joint framework to be isostatic (i.e., minimally infinitesimally rigid) in (R d , · 2 ), and it was shown in [2] that these conditions can be stated in a very simple form in terms of the number of structural components that are fixed by various symmetry operations of the framework (see also [5, 18] for extensions of these results to body-bar and body-hinge frameworks). The fundamental underlying result is that the rigidity matrix of a symmetric framework can be transformed into a block-decomposed form using methods from group representation theory [6, 15] . For the symmetry groups of order 2 and 3, it was shown in [16, 17 ] that Laman's conditions, together with the added conditions on the number of fixed structural components, are also sufficient for a bar-joint framework which is symmetry-generic (i.e., as generic as possible subject to the given symmetry constraints) to be isostatic in the Euclidean plane. However, the analogous questions for the remaining symmetry groups which allow isostatic frameworks in R 2 remain open.
In Section 3 we extend the results in [2, 3] and derive new necessary criteria for a bar-joint framework (G, p) with a non-trivial point group Γ in a general Minkowski space to be isostatic. Fundamental to this approach is Proposition 3.1 which shows that the rigidity matrix of (G, p) intertwines representations of Γ associated with the edges and vertices of G (also known as the 'internal' and 'external' representation in the engineering community [3, 6] ). Subsequently, in Section 4, we follow the approach of Connelly et al. in [2] to derive a complete list of the necessary counting conditions for symmetric isostatic bar-joint frameworks in 2-or 3-dimensional normed spaces for which the group of linear isometries is finite. As in the Euclidean case, these conditions are in terms of counts for the number of vertices and edges that are fixed by various symmetry operations. Using the results of Section 3, analogous necessary conditions for isostaticity can also be obtained for symmetric frameworks in higher dimensions, and we provide a sample of those in Section 4 as well.
Finally, in Section 5, we provide a number of observations and conjectures regarding both necessary and sufficient conditions for the existence of a (symmetric) well-positioned isostatic barjoint framework in 2-dimensional normed spaces. In particular, we offer Laman-type conjectures for all possible symmetry groups for the polyhedral norm · P on R 2 , where the unit ball P is a quadrilateral.
Maxwell counts for infinitesimally rigid frameworks with general norms.
Let X be a finite dimensional real vector space. A bar-joint framework in X is a pair (G, p) consisting of a finite simple graph G and a point p = (p(v)) v∈V ∈ X |V | with the property that the components p(v) are distinct points in X. Here V denotes the vertex set of G. The edge set of G is denoted by E.
2.1.
The rigidity matrix in general normed spaces. Let · be a norm on X and denote by S the unit sphere, S = {x ∈ X : x = 1}. Recall that the norm is said to be smooth at a point x 0 ∈ S if there exists exactly one supporting hyperplane for S at x 0 . Equivalently, there exists a unique linear functional f ∈ X * (called a support functional for x 0 ) such that |f (x)| ≤ 1 for all x ∈ S and f (x 0 ) = 1. Note that in this case the norm is also smooth at −x 0 with unique support functional −f . For each pair x 0 , y ∈ X define,
As the norm is necessarily a convex function both of these one-sided limits exist. Moreover, if x 0 ∈ S and f is a support functional for x 0 then ψ − (x 0 ; y) ≤ f (y) ≤ ψ + (x 0 ; y) for all y ∈ X. Define ψ(x 0 ; y) to be the two-sided limit ψ(x 0 ; y) := lim t→0 1 t ( x 0 + ty − x 0 ), if this limit exists. We require the following well-known fact and include a proof for the readers convenience (see also [4, 14] for example).
Lemma 2.1. Let x 0 ∈ S. Then the norm is smooth at x 0 if and only if ψ(x 0 ; y) exists for all y ∈ X.
Proof. Suppose the norm is smooth at x 0 and that ψ − (x 0 ; y 0 ) = ψ + (x 0 ; y 0 ) for some y 0 ∈ X. By an application of the Hahn-Banach theorem, for each λ ∈ R with ψ − (x 0 ; y 0 ) < λ < ψ + (x 0 ; y 0 ) the mapping h λ : Ry 0 → R, h λ (ty 0 ) = tλ extends to a linear functional h λ ∈ X * such that ψ − (x 0 ; y) ≤ h λ (y) ≤ ψ + (x 0 ; y) for all y ∈ X. Here we use the fact that ψ + (x 0 ; ·) is a sublinear function and ψ − (x 0 ; y) = −ψ + (x 0 ; −y) for all y ∈ X. It follows that h λ is a support functional for x 0 . However, this contradicts the uniqueness of the support functional at x 0 and so ψ(x 0 ; y) must exist for all y ∈ X. Conversely, if ψ(x 0 ; y) exists for all y ∈ X then it follows from the sublinearity of ψ + (x 0 ; ·) and the identity ψ − (x 0 ; y) = −ψ + (x 0 ; −y) that the map f (y) = ψ(x 0 ; y) is a linear functional on X. Moreover, f is a support functional for x 0 and, since every support functional g for x 0 must satisfy ψ − (x 0 ; y) ≤ g(y) ≤ ψ + (x 0 ; y) for all y ∈ X, the support functional f must be unique. Thus the norm is smooth at x 0 . Definition 2.2. Let (G, p) be a bar-joint framework in X and let · be a norm on X.
(i) An edge vw of G is said to be well-positioned (for the placement p and norm · ) if the norm is smooth at pv−pw pv−pw . (ii) The bar-joint framework (G, p) is said to be well-positioned in (X, · ) if every edge of G is well-positioned.
Given a well-positioned edge e = vw in G, the unique support functional for pv−pw pv−pw is denoted ϕ v,w . Note that ϕ v,w = −ϕ w,v and from the proof of Lemma 2.1,
for all y ∈ X. Definition 2.3. The rigidity matrix for a well-positioned bar-joint framework (G, p) is an |E| × |V | matrix R(G, p) with entries in the dual space X * given by, a (e,v) = ϕ v,w if e = vw for some vertex w, 0 otherwise, for all (e, v) ∈ E × V .
The rigidity matrix R(G, p) may be viewed as a linear map from X |V | → R |E| given by the formula
Remark 2.4. In computations it is sometimes more natural to define the entries of the rigidity matrix to be the support functionals for p v − p w rather than for the normalised vectors pv−pw pv−pw . This is common practice in the case of the Euclidean norm and is also the approach taken in [8] for the smooth p norms. In [7] the above formulation of the rigidity matrix is used in the context of polyhedral norms. The approach taken here means that the rigidity matrix coincides with the differential of the rigidity map which we now introduce. Definition 2.5. Let G be a simple graph and let · be a norm on X. The rigidity map for G is the mapping
Proof. If (G, p) is well-positioned then, by Formula (1), for each u = (u v ) v∈V ∈ X |V | the directional derivative of f G at p in the direction of u exists and satisfies,
Conversely, if the rigidity map f G is differentiable at p then the directional derivative D u f G (p) exists for all u ∈ X |V | . Hence if vw ∈ E is an edge of G then ψ(p v − p w ; y) exists for all y ∈ X and so, by Lemma 2.1, the norm is smooth at pv−pw pv−pw . We conclude that (G, p) is well-positioned in (X, · ).
Remark 2.7. If · is a smooth norm (such as the Euclidean norm on R d or, more generally, an p norm on R d with p ∈ (1, ∞)) then all bar-joint frameworks in (X, · ) are well-positioned. If · is a polyhedral norm then (G, p) is well-positioned if and only if p v − p w is contained in the interior of the conical hull of some facet of the unit ball, for each edge vw ∈ E.
The collection of all infinitesimal flexes of (G, p) is denoted F(G, p). By Formula (3) it is clear that if (G, p) is well-positioned then F(G, p) = ker R(G, p). Definition 2.9. A rigid motion of (X, · ) is a family of continuous maps
such that α x (t) is differentiable at t = 0 with α x (0) = x and α x (t) − α y (t) = x − y for all pairs x, y ∈ X and all t ∈ [−1, 1].
If {α x : x ∈ X} is a rigid motion of (X, · ) then (α p(v) (0)) v∈V ∈ X |V | is an infinitesimal flex of (G, p) (see [8, Lemma 2.1] ). We regard such infinitesimal flexes as trivial and denote by T (G, p) the collection of all trivial infinitesimal flexes of (G, p). If every infinitesimal flex of (G, p) is trivial then we say that (G, p) is infinitesimally rigid. If (G, p) is infinitesimally rigid and the removal of any edge results in a framework which is not infinitesimally rigid, then we say that (G, p) is isostatic. Theorem 2.10. Let (G, p) be a well-positioned bar-joint framework in (X, · ).
(
Proof. (i) In general, the rigidity matrix satisfies,
(iii) If (G, p) is isostatic and H is a subgraph of G then R(H, p) is row independent and so,
3. Maxwell counts for symmetric frameworks with general norms.
Let (G, p) be a bar-joint framework in X and let · be a norm on X. An automorphism of the graph G is a permutation of the vertices π : V → V such that vw ∈ E if and only if π(v)π(w) ∈ E. The set Aut(G) of all automorphisms of G is a subgroup of the permutation group on V . An action of a group Γ on G is a group homomorphism θ : Γ → Aut(G). The graph G is said to be Γ-symmetric (with respect to θ) if there exists such an action. As a notational convenience, if the action θ is clear from the context then we will denote θ(γ)(v) by γv for each vertex v and (γv)(γw) by γ(vw) for each edge vw of G.
Suppose there exists a group representation τ : Γ → GL(X) such that τ (γ) is an isometry of (X, · ) for each γ ∈ Γ. The framework (G, p) is said to be Γ-symmetric (with respect to θ and τ ) if
Moreover, we say that γ is a symmetry operation and Γ is a symmetry group of the framework (G, p).
Symmetry adapted Maxwell counts for isostatic frameworks.
Let (G, p) be a Γ-symmetric framework with respect to an action θ : Γ → Aut(G) and a group representation τ : Γ → GL(X). Define a pair of permutation representations of Γ as follows,
The trivial representation of Γ on X is denoted by 1. We will require the following tensor product representations of Γ on X |V | ,
Recall that given two representations ρ 1 : Γ → GL(X) and ρ 2 : Γ → GL(Y ) with representation spaces X and Y , a linear map T : X → Y is said to be a Γ-linear map of ρ 1 and
The vector space of all Γ-linear maps of ρ 1 and ρ 2 is denoted by Hom Γ (ρ 1 , ρ 2 ).
Proof. Since (G, p) be well-positioned, by Proposition 2.6, the rigidity map f G is differentiable at p. Let γ ∈ Γ. Then it is readily verified that f G is differentiable at ( 
Moreover, since τ (γ) is a linear isometry of X a similar verification shows that f G is differentiable at (τ ⊗ P V )(γ)p with differential,
Proof. Let γ ∈ Γ and let u ∈ T (G, p). Then there exists a rigid motion {α x : x ∈ X} of (X, · ) with
is a linear isometry we have,
Hence {β x : x ∈ X} is a rigid motion of (X, · ) which satisfies,
We denote by (τ ⊗ P V ) (T ) the subrepresentation of τ ⊗ P V with representation space T (G, p). Recall that the character of a representation ρ : Γ → GL(X) is the row vector χ(ρ) whose i-th component is the trace of ρ(γ i ), for some fixed ordering γ 1 , . . . , γ |Γ| of the elements of Γ. Theorem 3.3. Let (G, p) be a well-positioned bar-joint framework in (X, · ) which is Γ-symmetric with respect to θ and τ . If (G, p) is isostatic then,
Proof. By Maschke's Theorem, T (G, p) has a τ ⊗ P V -invariant complement Q in X |V | . We may therefore form the subrepresentation (τ ⊗ P V ) (Q) of τ ⊗ P V with representation space Q. Since (G, p) is isostatic, the restriction of the differential df G (p) to Q is an isomorphism onto R |E| . Moreover, since df G (p) is Γ-linear with respect to the representations τ ⊗ P V and P E , this restriction is Γ-linear for the representations (τ ⊗ P V ) (Q) and P E . Hence (τ ⊗ P V ) (Q) and P E are isomorphic representations of Γ. We conclude that,
Let θ : Γ → Aut(G) be a group action on G. A vertex v of G is said to be fixed by γ ∈ Γ (with respect to θ) if γv = v. Similarly, an edge e = vw of G is said to be fixed by γ ∈ Γ (with respect to θ) if γe = e, i.e., if either γv = v and γw = w, or, γv = w and γw = v. The sets of vertices and edges of a Γ-symmetric graph G which are fixed by γ ∈ Γ are denoted by V γ and E γ , respectively. Corollary 3.4. Let (G, p) be a well-positioned bar-joint framework in (X, · ) which is Γ-symmetric with respect to θ and τ . If (G, p) is isostatic then for each γ ∈ Γ,
Proof. Note that tr(P V (γ)) = |V γ | and tr(P E (γ)) = |E γ | for each γ ∈ Γ. The result now follows from Theorem 3.3 and the fact that tr((τ ⊗ P V )(γ)) = tr(τ (γ)) tr(P V (γ)).
Normed spaces with finitely many linear isometries.
In many cases (such as for the non-Euclidean p norms and polyhedral norms) the group of linear isometries of a normed vector space is a finite group. In this section we present necessary counting conditions for isostatic bar-joint frameworks in such normed spaces and in the presence of a variety of symmetry operations. We use the Schoenflies notation for the symmetry groups Γ and symmetry operations γ ∈ Γ considered in this section, as this is one of the standard notations in the literature about symmetric structures [1, 3, 6, 16] . Proposition 4.1. Let (G, p) be a well-positioned bar-joint framework in (X, · ) which is isostatic and Γ-symmetric with respect to θ and τ . If the group of linear isometries of (X, · ) is finite then, (i) |E| = dim(X) (|V | − 1), and,
Proof. If the group of linear isometries of (X, · ) is finite then, by [8, Lemma 2.5], T (G, p) consists of translational infinitesimal flexes only, i.e. T (G, p) = {(a, . . . , a) ∈ X |V | : a ∈ X}. Thus (τ ⊗ P V ) (T ) (γ) = (τ ⊗ 1)(γ) for each γ ∈ Γ and so tr((τ ⊗ P V ) (T ) (γ)) = tr(τ (γ)). The result now follows from Corollary 3.4.
In Tables 1 and 2 , we present character tables for the representations appearing in Formula (5). These tables apply respectively to frameworks in two-dimensional and three-dimensional normed spaces for which the group of linear isometries is finite. The symmetry operations for frameworks in these non-Euclidean spaces are defined below. Table 1 . Calculations of characters for the symmetry-extended counting rule for isostatic frameworks in a two-dimensional non-Euclidean space. Table 2 . Calculations of characters for the symmetry-extended counting rule for isostatic frameworks in a three-dimensional non-Euclidean space.
4.1. Reflections and inversions. Let (G, p) be a bar-joint framework in X which is Γ-symmetric with respect to θ and τ . A symmetry operation s ∈ Γ is called a reflection if τ (s) = I − 2P where P is a rank one projection on X. A symmetry group which is generated by a reflection s is denoted by C s .
Corollary 4.2. Let (G, p) be a well-positioned bar-joint framework in (X, · ) which is isostatic and Γ-symmetric with respect to θ and τ . Suppose the group of linear isometries of (X, · ) is finite. If the symmetry group Γ contains a reflection s ∈ Γ then, (i) Proof. Note that τ (s) = I − 2P where P is a rank one projection and so tr(τ (s)) = dim(X) − 2. Thus (i) follows from Proposition 4.1. The remaining conditions are simple consequences of (i).
A symmetry operation i ∈ Γ is called an inversion if τ (i) = −I.
Corollary 4.3. Let (G, p) be a well-positioned bar-joint framework in (X, · ) which is isostatic and Γ-symmetric with respect to θ and τ . Suppose the group of linear isometries of (X, · ) is finite. If the symmetry group Γ contains an inversion i ∈ Γ then one of the following two conditions holds, (i) |V i | = 0, and, |E i | = dim(X).
(ii) |V i | = 1, and, |E i | = 0.
Proof. Note that τ (i) has trace − dim(X) and so, by Proposition 4.1,
The result follows.
4.2.
Half-turn and 4-fold rotations. A symmetry operation C n ∈ Γ is called an n-fold rotation (n ≥ 2) if there exists a two-dimensional subspace Y of X with a complementary space Z (which could be 0) such that τ (C n ) = S ⊕ I Z where S : Y → Y has matrix representation cos(2π/n) − sin(2π/n) sin(2π/n) cos(2π/n) with respect to some basis for Y and I Z is the identity operator on Z. In the case n = 2, C 2 is also called a half-turn rotation. A symmetry group which is generated by an n-fold rotation C n is denoted by C n . In the following, |V n |, and |E n | denote respectively the numbers of vertices and edges that are fixed by an n-fold rotation C n .
Corollary 4.4. Let (G, p) be a well-positioned bar-joint framework in (X, · ) which is isostatic and Γ-symmetric with respect to θ and τ . Suppose the group of linear isometries of (X, · ) is finite. If the symmetry group Γ contains a half-turn rotation C 2 ∈ Γ then, Proof. The trace of τ (C 2 ) is dim(X) − 4 and so (i) follows from Proposition 4.1. The remaining parts are simple consequences of (i).
The following corollary presents necessary counting conditions in the presence of a four-fold rotation C 4 .
Corollary 4.5. Let (G, p) be a well-positioned bar-joint framework in (X, · ) which is isostatic and Γ-symmetric with respect to θ and τ . Suppose the group of linear isometries of (X, · ) is finite. If the symmetry group Γ contains a four-fold rotation For example, if vw is fixed by a half-turn C 2 , then the corresponding bar must be centred at the origin, and if vw is fixed by a reflection, then this bar must either lie along the mirror line, or, in the complementary line along which the reflection acts and centred at the mirror line. Analogously, in the 3-dimensional case if a vertex v is fixed by an n-fold rotation C n then p(v) must lie on the rotation axis, and if v is fixed by a reflection s then p(v) must lie on the corresponding mirror plane. If an edge vw is fixed by a half-turn, then the corresponding bar must lie either along the rotation axis, or, in the plane of rotation and centred at the axis.
Similarly, if vw is fixed by a reflection then this bar must lie either within the mirror plane, or, in the complementary line along which the reflection acts and centred at the mirror plane. If the edge vw is fixed by an n-fold rotation C n>2 then the corresponding bar must lie along the rotation axis.
In any dimension, if a vertex v is fixed by an inversion i then p(v) must lie on the origin and if an edge vw is fixed by an inversion then the corresponding bar must be centred at the origin.
The following example considers the class of p norms with p = 2 and demonstrates several 2-dimensional isostatic frameworks for all possible symmetry groups.
Example 4.7. Consider a bar-joint framework (G, p) in R 2 which is Γ-symmetric with respect to an p norm, with 1 ≤ p ≤ ∞ and p = 2. The group of linear isometries for these norms has order 8 and is generated by the reflections in the lines x = 0 and x = y. Thus, each non-trivial symmetry operation for (G, p) must be either a reflection s, a half-turn rotation C 2 or a four-fold rotation C 4 . For this reason the only symmetry groups we need consider are the reflectional group C s , the rotational groups C 2 and C 4 , and the dihedral groups C 2v and C 4v .
In Figure 1 , several examples of isostatic bar-joint frameworks in (R 2 , · ∞ ) are illustrated for these symmetry groups. The framework (a) illustrates reflectional symmetry in the y-axis with one fixed vertex and no fixed edges while framework (b) illustrates reflectional symmetry in the line y = x with two fixed vertices and no fixed edges (cf. Corollary 4.2). The framework (c) illustrates symmetry under a half-turn rotation about the origin with no fixed vertices and two fixed edges (cf. Corollary 4.4). Framework (d) illustrates symmetry under four-fold rotation about the origin with one fixed vertex and no fixed edges (cf. Corollary 4.5). The framework (e) illustrates symmetry under the dihedral group C 2v generated by a reflection in the x-axis and a half-turn rotation about the origin. In this case, exactly one vertex and no edges are fixed by each non-trivial symmetry operation in C 2v . The framework (f ) illustrates symmetry under the dihedral group C 4v generated by a reflection in the x-axis and a four-fold rotation about the origin. Again, exactly one vertex and no edges are fixed by each non-trivial symmetry operation in C 4v .
Note that each of the frameworks in Figure 1 can easily be checked to be isostatic using the results in [8] . As shown in [8] , a well-positioned framework (G, p) in (R 2 , · ∞ ) induces a natural labelling of the edges of G (with two colours) determined by the placement p relative to the facets of the unit ball of the norm · ∞ , and (G, p) is isostatic in (R 2 , · ∞ ) if and only if the two induced monochrome subgraphs are spanning trees. The induced spanning trees of the underlying graphs of the frameworks in Figure 1 are indicated in black and gray, respectively. 4.3. n-fold Rotations, n = 3 and n ≥ 5. The following corollary considers the case of a three-fold rotation.
Corollary 4.8. Let (G, p) be a well-positioned bar-joint framework in (X, · ) which is isostatic and Γ-symmetric with respect to θ and τ . Suppose the group of linear isometries of (X, · ) is finite. If the symmetry group Γ contains a three-fold rotation Proof. The trace of τ (C 3 ) is dim(X) − 3 and so (i) follows from Proposition 4.1. The remaining parts are simple consequences of (i).
The case of a six-fold rotation is presented in the following corollary.
Corollary 4.9. Let (G, p) be a well-positioned bar-joint framework in (X, · ) which is isostatic and Γ-symmetric with respect to θ and τ . Suppose the group of linear isometries of (X, · ) is finite. If the symmetry group Γ contains a six-fold rotation For all remaining values of n, the derived counting conditions for an n-fold rotation are presented below.
Corollary 4.10. Let (G, p) be a well-positioned bar-joint framework in (X, · ) which is isostatic and Γ-symmetric with respect to θ and τ . Suppose the group of linear isometries of (X, · ) is finite. If the symmetry group Γ contains an n-fold rotation C n ∈ Γ with n = 5, or, n ≥ 7 then |V n | = 1, and, |E n | = 0.
Proof. Note that the trace of τ (C n ) is dim(X) − 2 cos n if it is a composition of an n-fold rotation C n , where X = Y ⊕ Z and τ (C n ) = S ⊕ I Z , followed by a reflection s, where τ (s) = I − 2P , such that P is the rank one projection of X along Y onto Z. If n = 2 then S 2 is an inversion and so we assume here that n ≥ 3.
Corollary 4.11. Let (G, p) be a well-positioned bar-joint framework in (X, · ) which is isostatic and Γ-symmetric with respect to θ and τ . Suppose dim(X) = 3 and the group of linear isometries of (X, · ) is finite. If the symmetry group Γ contains an improper rotation S n ∈ Γ then, (i) |E Sn | = 2 cos Proof. Note that τ (S n ) = (I − 2P )(S ⊕ I Z ) = S ⊕ (−I Z ) and so τ (S n ) has trace 2 cos 2π n − (dim(X) − 2). Part (i) now follows from Proposition 4.1. To see (ii), note that (i) implies that either |V S 3 | = 0 and |E S 3 | = 2 or |V S 3 | = 1 and |E S 3 | = 0. However, S 2 3 is a three-fold rotation about the improper rotation axis of S 3 , and by Corollary 4.8, we must have |E 3 | = 0. It follows that we must have |V S 3 | = 1 and |E S 3 | = 0. The remaining parts follow from (i).
Remark 4.12. If a framework (G, p) has a symmetry group Γ which contains an improper rotation S n = s • C n and n is odd then Γ must also contain the reflection s and the n-fold rotation C n . If n is even then Γ must contain the n 2 -fold rotation (C n ) 2 . If a vertex v is fixed by an improper rotation S n>2 then p(v) must lie on the origin and if an edge vw is fixed by an improper rotation then the corresponding bar must lie along the improper rotation axis and centred at the mirror.
The following example demonstrates a 3-dimensional isostatic framework with symmetry group C 3h generated by a reflection s and a 3-fold rotation C 3 . The norm is a polyhedral norm with unit ball a hexagonal prism.
Example 4.13. Define a graph G as follows. First, take four 3-cycles with respective vertices {v 1 , v 2 , v 3 }, {v 1 , v 2 , v 3 }, {w 1 , w 2 , w 3 } and {w 1 , w 2 , w 3 }. Then adjoin the following additional edges: v j v j and w j w j for each j, v 1 w 3 , w 1 v 3 , v 2 w 1 , w 2 v 1 , v 3 w 2 and w 3 v 2 . Finally, take the cone over this graph by adjoining a new vertex o and an edge from o to all other vertices. See also Figure 2 .
Next, define a bar-joint framework (G, p) in R 3 by placing the vertices of G as follows. Place p(o) at the origin, p(v 1 ) at the point (−1/4, −1, 1/4), and p(v 1 ) at the point (−1/4, −1, 3/2). The placements for all other vertices are generated by taking the orbits of p(v 1 ) and p(v 1 ) under three-fold rotation about the z-axis and reflection in the xy-plane. In the Schoenflies notation, the resulting framework then has the symmetry group C 3h .
Consider the polyhedral norm on R 3 with unit ball a hexagonal prism determined by the extreme points (cos(π(k − 1)/3), sin(π(k − 1)/3), 1) and (cos(π(k − 1)/3), sin(π(k − 1)/3), −1), for k = 1, 2, ..., 6. It can now be verified (either through calculation of the rigidity matrix or by analysis of the induced monochrome subgraphs of G [7] ) that (G, p) is isostatic with respect to this polyhedral norm.
Note that (G, p) satisfies the required Maxwell-Laman counts of Theorem 2.10, as well as the additional counts derived in Section 4 for the various symmetry operations in C 3h . In particular, one vertex is fixed by the improper rotation S 3 and no edges are fixed by S 3 .
Sufficient conditions for isostatic realisations.
In the previous sections, we have established necessary conditions for symmetric and nonsymmetric bar-joint frameworks to be isostatic in general normed linear spaces. These conditions Figure 2 . The underlying graph of the 3-dimensional isostatic framework with C 3h symmetry described in Example 4.13. The induced framework colours are illustrated in the left and centre images. For clarity, on the right all edges incident to the cone vertex o are shown in gray.
included both over-all counts and subgraph counts on the number of vertices and edges (recall Theorem 2.10), as well as counts on the number of vertices and edges that are fixed by various symmetry operations of the framework (recall Corollary 3.4). It is natural to ask whether these necessary conditions are also sufficient for the framework to be isostatic. To investigate these questions, we introduce the following notation: Using a similar approach as in Section 3, it was shown in [2, 13] , that a symmetric isostatic bar-joint framework in (R 2 , · 2 ) must not only be (2, 3)-tight, but must also satisfy some restrictions on the number of vertices and edges that are fixed by various symmetry operations of the framework. In particular, these restrictions imply that there are only five possible nontrivial symmetry groups which allow for an isostatic bar-joint framework in (R 2 , · 2 ). These are the rotational groups C 2 and C 3 , the reflection group C s , and the dihedral groups C 2v and C 3v . In higher dimensions, all symmetry groups are possible, although restrictions on the number of fixed structural components still apply.
It was shown in [16, 17] that for the groups C 2 , C 3 and C s in the Euclidean plane, Laman's conditions (i.e., (2, 3)-tightness), together with the added necessary conditions on the number of fixed structural components, are also sufficient for a Γ-generic framework to be isostatic. For the dihedral groups C 2v and C 3v , however, the analogous conjectures are still open.
Note that an infinitesimally rigid symmetric framework in (R 2 , · 2 ) need not have a spanning isostatic subframework with the same symmetry. Therefore, for Γ-generic frameworks, infinitesimal rigidity can in general not be characterised in terms of isostatic subframeworks. Characterisations of Γ-generic infinitesimally rigid frameworks have so far only been obtained for the groups Γ = C 2 , C 3 and C s in dimension 2, where Γ acts freely on the vertices [19] . These results were established by the introduction of new symmetry-adapted rigidity matrices and an analysis of their corresponding matroids on group-labeled quotient graphs. Extensions of these results to body-bar and body-hinge frameworks with Z 2 × · · · × Z 2 symmetry in higher-dimensional spaces can be found in [20] .
Non-Euclidean frameworks.
For the non-Euclidean norms · q , 1 ≤ q ≤ ∞, q = 2, and for the polyhedral norms, analogues of Laman's theorem have recently been established in [8] and [7] . Specifically, it was shown in [8] that a well-positioned regular bar-joint framework (G, p) in (R 2 , · q ), 1 ≤ q ≤ ∞, q = 2, is isostatic if and only if the graph G is (2, 2)-tight. Moreover, it was shown in [7] that if · P is any polyhedral norm on R 2 , then there exists a well-positioned isostatic bar-joint framework (G, p) in (R 2 , · P ) if and only if the graph G is (2, 2)-tight. Symmetric analogues of these results have not yet been established. However, for some polyhedral norms on R 2 and their possible symmetry groups, we will offer some observations and conjectures in the next section (Section 5.3).
As far as higher-dimensional spaces are concerned, it should be pointed out that for some non-Euclidean normed spaces, the problem of finding a combinatorial characterisation of (nonsymmetric) isostatic bar-joint frameworks in dimension d ≥ 3 might be slightly more accessible than its Euclidean counterpart, because in cases where rotations are no longer isometries, complexities such as the double-banana graph [23] may no longer occur.
5.3.
Observations and conjectures for (R 2 , · P ), where P is a quadrilateral. For a well-positioned Γ-symmetric bar-joint framework (G, p) in a space of the form (R 2 , · P ), where P is a polyhedron, to be isostatic, G must be (2, 2)-tight (by Theorem 2.10) and G must satisfy the conditions in Section 4. However, if the unit ball P is a quadrilateral, then we can easily establish some further necessary conditions for isostaticity. We begin by considering frameworks with reflectional or half-turn symmetry. We first need the following definition.
Definition 5.2. Let · P be a polyhedral norm on R 2 for which the unit ball P is a quadrilateral and let (G, p) a framework in (R 2 , · P ) which is Γ-symmetric with respect to θ : Γ → Aut(G) and τ : Γ → GL(R 2 ). A symmetry operation γ ∈ Γ preserves the facets of P if τ (γ)F ∈ {F, −F } for each facet F of P. Otherwise, we say that γ swaps the facets of P. Proposition 5.3. Let · P be a polyhedral norm on R 2 for which the unit ball P is a quadrilateral. Let (G, p) be a well-positioned isostatic framework which is Γ-symmetric with respect to θ : Γ → Aut(G) and τ : Γ → GL(R 2 ). Then G is (2, 2)-tight, and the following conditions hold:
(i) For Γ = C s : If s preserves the facets of P then |V s | = 1, |E s | = 0, the degree of the fixed vertex is at least 4, and every C s -symmetric (2, 2)-tight subgraph H of G contains the fixed vertex. (ii) For Γ = C 2 : there does not exist a C 2 -symmetric (2, 2)-tight subgraph H of G which has no vertices or edges fixed by C 2 , and either |V 2 | = 1, |E 2 | = 0, and the degree of the fixed vertex is at least 4, or |V 2 | = 0 and |E 2 | = 2.
Proof. (i) By Theorem 2.10, G is (2, 2)-tight, and by Corollary 4.2 (ii), we have |E s | = 0. Note that since (G, p) is a well-positioned isostatic framework, G is the union of two edge-disjoint spanning trees T 1 and T 2 which are induced by the framework colouring of (G, p) [8] (recall also Example 4.7). Both T 1 and T 2 are C s -symmetric with respect to θ, since s preserves the facets of P. To see this, suppose without loss of generality that vw is an edge of T 1 , and let F and −F be the facets of the unit ball P corresponding to T 1 , that is, p(v) − p(w) is contained in the conical hull of either the facet F or the facet −F . Since s preserves the facets of P and p(sv) − p(sw) = τ (s)(p(v) − p(w)), it follows that p(sv) − p(sw) is contained in the conical hull of either F or −F . Thus the edge s(vw) has the same framework colour as vw, and so s(vw) ∈ E(T 1 ). Suppose there exist two distinct vertices v 0 and v 1 which are fixed by s. Then T 1 contains a simple path P from v 0 to v 1 . Since T 1 is C s -symmetric, s(P ) is also a simple path in T 1 from v 0 to v 1 . Also, since |E s | = 0, P = s(P ). Thus P ∪ s(P ) contains a cycle and is a subgraph of T 1 . This is a contradiction and so there is at most one vertex in G which is fixed by s.
The number of edges in each C s -symmetric spanning tree T i must be even since each edge e ∈ E(T i ) has a distinct reflection se which also lies in T i . Each spanning tree contains |V | − 1 many edges and so |V | is odd. In particular, there must exist at least one vertex of G which is fixed by s since every vertex v ∈ V which is not fixed by s has a distinct reflection sv. As shown above, we have |V s | ≤ 1 and so we conclude that there exists exactly one vertex in G which is fixed by s.
If the fixed vertex v 0 is adjacent to an edge e ∈ E then v 0 is also adjacent to se. Since |E s | = 0, e = se and so v 0 must have even degree in G. Since T 1 and T 2 are edge-disjoint spanning trees of G, v 0 is adjacent to some edge e in T 1 and some edge f in T 2 with e = f . Since v 0 is fixed by s, v 0 is also adjacent to the edges se in T 1 and sf in T 2 . The edges e, f, se, sf are necessarily distinct, and so v 0 has degree at least 4 in G.
Finally, suppose G has a C s -symmetric (2, 2)-tight subgraph H which has no vertices fixed by s. Then H is the union of the two edge-disjoint spanning trees H ∩ T 1 and H ∩ T 2 . Both of these trees have an even number of edges since |E s | = 0, but since H has no vertex fixed by s, they also have an even number of vertices, a contradiction. (See also Figures 3 (a), (b) ).
The proof of (ii) is completely analogous to (i). Simply recall Corollary 4.4 and note that the half-turn C 2 clearly preserves the facets of P.
Conjecture 5.4. The conditions in Proposition 5.3 are also sufficient for the existence of a well-positioned isostatic framework (G, p) in (R 2 , · P ) which is Γ-symmetric with respect to θ and τ .
A natural approach to prove this conjecture is via an inductive construction scheme similar to the ones used in [16, 17] for Euclidean symmetric frameworks. However, this would require some new symmetry-adapted Henneberg-type graph operations on (2, 2)-tight graphs with a Z 2 -action, and for each of these operations, one would have to show that it preserves isostaticity by choosing appropriate geometric placements for the new vertices.
Conjecture 5.5. Let · P be a polyhedral norm on R 2 for which the unit ball P is a quadrilateral. Let G be a finite simple graph, let θ : C s → Aut(G) be an action of C s , and τ : C s → GL(R 2 ) be a faithful group representation so that s swaps the facets of P. Then there exists p such that (G, p) is well-positioned and isostatic in (R 2 , · P ) and C s -symmetric with respect to θ and τ if and only if G is (2, 2)-tight and |E s | = 0.
Clearly, if (G, p) is a well-positioned, isostatic and C 2 -symmetric framework in (R 2 , · P ), then G is (2, 2)-tight and |E s | = 0 (recall Corollary 4.2 (ii)). The converse, however, remains open. Note that, as opposed to the case where s preserves the facets of P, there is no restriction on the number of vertices of G that are fixed by the reflection (recall Figure 1 (b), for example) . Moreover, (G, p) could possibly have a C s -symmetric (2, 2)-tight subgraph H which has no vertices or edges fixed by s in this case, as the example in Figure 3 (c) illustrates.
For the remaining symmetry groups in dimension 2 which are possible for a quadrilateral unit ball P, i.e., for the groups C 4 , C 2v and C 4v , we propose the following conjecture: Conjecture 5.6. Let · P be a polyhedral norm on R 2 for which the unit ball P is a quadrilateral. Let G be a finite simple graph, Γ be a group, θ : Γ → Aut(G) be an action of Γ, and τ : Γ → GL(R 2 ) be a faithful group representation. The following are equivalent: (A) There exists p such that (G, p) is well-positioned and isostatic in (R 2 , · P ) and Γ-symmetric with respect to θ and τ . (B) (i) For Γ = C 4 = r : G is (2, 2)-tight, there does not exist a r 2 -symmetric (2, 2)-tight subgraph H of G which has no vertices or edges fixed by r 2 , and either |V r 2 | = 1, |E r 2 | = 0, or |V r 2 | = 0 and |E r 2 | = 2. (ii) For Γ = C 2v = s, r , where s is a reflection which preserves the facets of P, and r is the half-turn: G is (2, 2)-tight, for every non-trivial element γ ∈ Γ, there does not exist a γ -symmetric (2, 2)-tight subgraph H of G which has no vertices or edges fixed by γ, |V γ | = 1 and |E γ | = 0. (iii) For Γ = C 2v = s, r , where s is a reflection which swaps the facets of P, and r is the half-turn: G is (2, 2)-tight, there does not exist a r -symmetric (2, 2)-tight subgraph H of G which has no vertices or edges fixed by r, |E s | = |E r·s | = 0, and either |V r | = 1, |E r | = 0, or |V r | = 0 and |E r | = 2. (iv) For Γ = C 4v = s, r , where s is a reflection which preserves the facets of P, and r is a 4-fold rotation: G is (2, 2)-tight, for γ ∈ {s, r 2 , r 2 · s}, there does not exist a γ -symmetric (2, 2)-tight subgraph H of G which has no vertices or edges fixed by γ, |E s | = |E r 2 ·s | = 0, and either |V r 2 | = 1, |E r 2 | = 0, or |V r 2 | = 0 and |E r 2 | = 2.
As before, using the results of Sections 2 and 4, it is easy to see that (A) implies (B). In particular, as shown in Figure 4 , it is easy to construct non-isostatic frameworks which satisfy all the conditions in Conjecture 5.6, except for the condition on the existence of a symmetric (2, 2)-tight subgraph which has no vertices or edges fixed by a reflection or a half-turn. All the converse directions of Conjecture 5.6, however, remain open.
(a) (b) Figure 4 . C 2v -symmetric frameworks in (R 2 , · ∞ ) which are not isostatic due to the existence of a (2, 2)-tight subgraph which has no vertices or edges fixed by the reflection (corresponding to the vertical mirror line) (a) and the half-turn (b), respectively. Based on these examples it is easy to construct similar examples of non-isostatic frameworks for the groups C 4 and C 4v .
